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ABSTRACT
White dwarfs comprise 95% of all stellar remnants, and are thus an excellent tracer of old stellar
populations in the Milky Way. Current and planned telescopes are not able to directly probe the
white dwarf population in its entirety due to its inherently low luminosity. However, the Galactic
population of double white dwarf binaries gives rise to a millihertz gravitational-wave foreground
detectable by the Laser Interferometer Space Antenna (LISA). Here we show how characterizing the
angular power of the WD foreground will enable probes of the Galactic structure in a novel way
to determine whether the Galactic white dwarf population traces the spatial distribution of young,
bright stars, or traces a vertically heated spatial distribution associated with Galaxy’s oldest stellar
populations. We do this using a binary population synthesis study that incorporates different Galactic
spatial distributions for the double white dwarf population. We find that the level of anisotropy in
the white dwarf foreground’s angular power spectrum is dependent on the vertical scale height of the
population, but show that multipole coefficients from the spherical harmonic decomposition must be
considered individually because of LISA’s angular resolution. Finally, we show that LISA can probe
the vertical scale height of the Galactic white dwarf population with an accuracy of 300 pc, using the
hexadecapole moment of the WD foreground.
Keywords: white dwarfs – gravitational waves – Milky Way disk
1. INTRODUCTION
The scale heights of Galactic stellar populations are
a direct probe of dynamical interactions over the age of
the Milky Way. Different scale heights as a function of
radius can test dark matter models (e.g. Church et al.
2019), the Milky Way’s minor merger history (e.g. Vil-
lalobos & Helmi 2008), the strength of tidal interactions
from close interactions (e.g. Bensby & Feltzing 2010),
or constant heating through effects from the dynami-
cal quadrupole of the Galactic bar (e.g. Grand et al.
2016). Since dynamical interactions are expected to oc-
cur on Gyr timescales, old stellar populations are ex-
cellent candidates for scale height measurements which
Corresponding author: Katelyn Breivik
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trace the dynamical evolution of the Galaxy (e.g. Be-
lokurov 2013). However, these populations are dim and
thus difficult to observe electromagnetically throughout
the Galaxy. So far, the most precise Galactic structure
measurements come from fitting data from electromag-
netic surveys to Galactic population synthesis simula-
tions, (e.g. Robin et al. 2003; Juric´ et al. 2008; McMil-
lan 2011; Gao et al. 2013; Pieres et al. 2019). These
surveys have limited fields of view and observe mostly
young, bright sources due to magnitude limits. Thus
they do not fully probe the structure of the dimmest,
oldest stellar populations.
Double white dwarf (DWD) systems are an interest-
ing probe of the spatial structure of Galactic populations
since they are the remnants of low-mass stellar progen-
itors which make up 95% of total population. Further-
more, the population of DWDs is necessarily old since it
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is born from stellar progenitors with Gyr lifetimes. Im-
portantly, gravitational wave (GW) signals from long-
lived inspiraling DWDs are not suppressed or obscured
by gas, dust, or other stars in the Galaxy, as their elec-
tromagnetic counterparts may be. GWs are therefore
an excellent way of observing the Galactic population of
DWDs and its spatial structure.
The incoherent superposition of GW signals from the
Galactic DWDs form a loud foreground in the millihertz
GW frequency band, detectable the Laser Interferome-
ter Space Antenna (LISA; e.g. Baker et al. 2019a). The
LISA WD foreground signal has long been considered
a nuisance, with significant effort being devoted to sub-
tracting it (e.g. Robson & Cornish 2017). Indeed, it is
necessary to subtract the WD foreground in order to ac-
cess buried GW signals like stochastic GW backgrounds
(Adams & Cornish 2014).
In this study, we treat the WD foreground as a loud
signal which can be used to constrain the scale height
of the Galactic WD population. Benacquista & Holley-
Bockelmann (2006) and Korol et al. (2019) have previ-
ously investigated LISA’s ability to constrain Galactic
structure from GW observations of the DWDs. Specifi-
cally, Benacquista & Holley-Bockelmann (2006) studied
the 1-D shape of the power spectral density (PSD) of
the WD foreground to try to measure the vertical scale
height of the Galactic disk. Their constraints depend
heavily on the estimated number density of DWDs in
the Galaxy – which is currently only well understood
locally (Toonen et al. 2017). Korol et al. (2019) predict
that individual, well-localized DWDs across the Galaxy
can precisely trace the Galactic scale height. However,
these well-measured DWDs originate from a small sub-
set of the total DWD population because resolved GW
measurements are biased toward more massive, shorter
period, or nearby binaries (Lamberts et al. 2019).
The WD foreground is an excellent probe of the struc-
ture of Galactic DWDs since it contains contributions
from the entire population. In this study, we take a
similar approach to Pulsar Timing Array (PTA) (Min-
garelli et al. 2013; Taylor et al. 2015), and LIGO/Virgo
GW background anisotropy studies (Thrane et al. 2009),
and decompose the foreground on a basis of spherical
harmonics to characterize the WD foreground. We find
that the angular power spectra of WD populations with
different spatial distributions vary, but not to a degree
that is measurable by LISA. Instead, we show that it
possible to constrain the scale height of the DWD pop-
ulation to an accuracy of ∼ 300 pc using the hexade-
capole moment of the multipole expansion of the LISA
WD foreground.
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Figure 1. Amplitude spectral density vs gravitational wave
frequency, fGW, for the entire DWD population of B19 (light
blue), the running median of the population with a window of
100 frequency bins (dark blue), and the fit to the Korol et al.
(2017) foreground taken from Robson et al. (2019) (dashed).
The running median of B19 population is comparable to the
Korol et al. (2017) foreground.
In Section 2 we review the calculation of GW sig-
nals from DWDs and we describe our simulations of the
Galactic population of DWDs in Section 3. We describe
how we model the WD foreground anisotropy in Sec-
tion 4 and LISA’s response to the WD foreground in
Section 5. In Section 6 we detail the process to recon-
struct the hexadecapole moment of the foreground and
report our main results in Section 7. We finish with a
discussion in Section 8.
2. GWS FROM DWDS
Since we focus on the DWD population only, we as-
sume all sources are circular and do not evolve due to
the emission of gravitational radiation over a LISA ob-
servation time of 4 years. We compute the polarization-
averaged dimensionless strain, following Nelemans et al.
(2001) as
h = 10−21
(Mc
M
)5/3(Porb
hr
)−2/3( D
kpc
)−1
, (1)
where Mc = (m1m2)5/3/(m1 + m2) is the chirp mass.
For stationary sources the amplitude spectral density
(ASD) of a single DWD is
ASD = h
√
Tobs, (2)
where we assume Tobs = 4 yr.
To find the total GW signal from all DWDs in the
Galaxy, we sum the PSD of each DWD, where
PSD = ASD2 = h2Tobs. (3)
The PSD of the population is binned according to
LISA’s frequency resolution of ∆f = 1/Tobs ' 8 ×
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10−9 Hz such that the PSD for each frequency bin is
the sum of the PSD from each DWD occupying that
bin. The ASD of the frequency bin is the square root
of the PSD of that bin.
The process of subtracting resolved sources from the
DWD population to produce an irreducible foreground is
beyond the scope of this work and is discussed in several
other studies (e.g. Robson & Cornish 2017). Instead, we
focus on the GW signal coming from the entire popu-
lation which creates the WD foreground. In order to
provide a comparison to previous work which has sim-
ulated a resolved source subtraction routine (e.g. Korol
et al. 2017), we approximate the irreducible foreground
by taking a running median of the PSD with a window
of 100 frequency bins.
Figure 1 shows a comparison of the ASD of the LISA
noise floor compared to the ASD of the DWD popula-
tion of Breivik et al. (2019), hereafter B19. Since the
orbital evolution of the DWD population is driven by
GW emission, the orbital evolution scales as f˙orb ∝
f
11/3
GW . This leads to a pileup of DWDs at lower fre-
quencies. The foreground sharply decreases near 10 mHz
because the B19 population removes all mass transfer-
ring DWDs. Generally, mass transferring DWDs are ex-
pected to occupy higher GW frequencies, and will thus
not contribute to the foreground near 1 mHz; see Kre-
mer et al. (2017); Breivik et al. (2018) for a discussion of
mass transferring DWDs observable by LISA. Figure 1
also shows the irreducible foreground of Korol et al.
(2017) and the running median of the B19 ASD. We
find agreement within a factor of ∼ 2 − 3 between the
two curves, though the B19 running median artificially
cuts off the ASD near 2 mHz. This cutoff is a direct
consequence of the truncation of the B19 foreground at
higher frequencies.
3. SIMULATING WHITE DWARF BINARIES IN
THE MILKY WAY
We generate Milky Way populations of DWDs us-
ing COSMIC1. COSMIC is a community-developed,
python-based binary population synthesis suite based on
BSE (Hurley et al. 2002) which includes several upgrades
to binary interactions and massive star evolution, as well
as models for initial binary populations and Galactic
spatial distributions (see B19 for a complete discussion
of these features). All DWD populations in this study
use the binary evolution model described in B19.
This study determines LISA’s ability to distinguish
between two models. In our fiducial model, Z300, the
Galactic DWD population traces the spatial distribution
1 cosmic-popsynth.github.io
of the young, bright stellar population. In our compar-
ison model, Z900, all DWDs in the Galactic disk are
distributed in a thick disk with a large vertical scale
height associated with old stellar populations.
We generate DWD populations with star formation
histories and spatial distributions for the thin disk, thick
disk, and bulge, following the procedure detailed in B19.
The thin disk is assumed to be formed from constant,
solar metallicity star formation over the past 10 Gyr,
while the thick disk is assumed have formed from a 1 Gyr
burst of uniform, 15%-solar metallicity star formation
11 Gyr in the past. The bulge is assumed to have formed
10 Gyr in the past with a 1 Gyr burst of uniform, solar
metallicity star formation.
Following B19, the spatial distributions for Z300 are
drawn from the models of McMillan (2011). The thin
and thick disks are assumed to be azimuthally symmet-
ric and distributed radially and vertically as
ρ(r)ρ(z) ∝ exp (−r/rh) exp (−z/zh) . (4)
We assume a radial scale height of rh = 2.9 kpc and a
vertical scale height of zh = 0.3 kpc for the thin disk.
The thick disk radial and vertical scale heights are rh =
3.31 kpc and zh = 0.9 kpc. The bulge is also assumed to
be azimuthally symmetric and distributed radially and
vertically as
ρ(r′) ∝ exp [−(r/rcut)
2]
(1 + r′/r0)α
, (5)
where,
r′ =
√
r2 + (z/q)2 , (6)
and α = 1.8, r0 = 0.075 kpc, rcut = 2.1 kpc, and q = 0.5.
The mass of the thin disk is assumed to be Mthin =
4.32 × 1010 M; the mass of the thick is assumed to be
Mthick = 1.44 × 1010; the mass of the bulge is assumed
to be Mbulge = 8.9× 109 M (McMillan 2011).
Our comparison model, Z900, uses the same binary
evolution, star formation history as Z300. However,
Z900 distributes all DWDs in the Galactic disk with
vertical positions according to Z300’s thick disk scale
height of zh = 900 pc. As noted above, this comparison
is designed to test if the GW foreground can be used
to confirm whether the DWDs trace the same Galactic
distribution as the relatively younger stars observable
across the Galaxy by electromagnetic surveys, or if they
trace a more dynamically heated distribution associated
with old stellar populations in a thick disk.
Spatial distributions with larger vertical disk scale
heights, without changes to the DWD spatial density
or population number, increase the average distance to
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Figure 2. The irreducible foreground 1D-amplitude spectral density (ASD; above) and the WD population (below) for Z300
(left, zh = 300 pc) and Z900 (right, zh = 900 pc). On the top row, both models are overplotted in each Figure to illustrate the
nearly identical ASD. The bottom row shows the ASD in Galactocentric coordinates for all frequencies between 0.1 mHz and
10 mHz. While the 2-D projection of the two models vary significantly (bottom left and right), the ASDs (top left and right)
are virtually identical – motivating our new approach.
the DWD population. This, in turn, decreases the over-
all strength of the GW foreground since the GW signal
scales inversely with distance (see Equation 1). Differ-
ent star formation histories change the birth time of
the DWD population, and thus impact the number of
DWDs which radiate in the LISA frequency band (e.g.
Lamberts et al. 2019). If the DWD population results
from a majority of very early star formation, this leads
to longer GW evolution times and thus a higher rate of
WD mergers which reduces the foreground height and
shift it towards higher GW frequencies. Conversely, if
the DWD population is formed from primarily late star
formation, the GW evolution times are shorter and re-
sult in a foreground only at lower frequencies. Different
binary evolution models, particularly those pertaining
to common envelope evolution, will also have a strong
impact on the GW frequency distribution of the DWD
population (e.g. Kremer et al. 2017). We leave a thor-
ough study of the impact of binary evolution on the
angular GW power spectrum of the WD foreground as
a topic of future study.
Figure 2 shows the comparison between the 1-D ASD
running median of the WD foreground (top row) and the
2-D projection of the WD foreground’s ASD in Galacto-
centric coordinates (bottom row) from Z300 and Z900.
The differences between each model are barely distin-
guishable when comparing the 1-D ASDs, thus moti-
vating the need for alternative approaches to measur-
ing the vertical scale height of the DWD population
with the WD foreground. The differences between each
model when considering the 2-D projection of the ASD
onto the sky, however, are very obvious. Distributing
all disk DWDs in a thick disk results in GW signals dis-
tributed much more widely across the sky. This suggests
a strong potential for inferring the WD foreground’s
spatial structure using LISA’s discriminating power be-
tween different modes of the spherical harmonic decom-
position.
4. WD FOREGROUND ANISOTROPY
While Benacquista & Holley-Bockelmann (2006) stud-
ied the differences in the WD foreground PSD as a func-
tion of vertical disk scale height, here we decompose
the WD foreground on a basis of spherical harmonics
to examine its angular power spectrum. This is a well-
known approach to characterizing both electromagnetic
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and GW backgrounds. For example, anisotropy in the
nanohertz GW background (accessible with PTAs) is
likely generated by nearby unresolved supermassive BH
binaries (SMBHBs), and/or excess GW power coming
from galaxy clusters where there may be many merging
SMBHBs (Mingarelli et al. 2017). Various astrophysi-
cal GW signals could add incoherently and generate an
anisotropic GW background signal in the LIGO/Virgo
band (e.g. Thrane et al. 2009; Romano et al. 2015; Jenk-
ins et al. 2019; Renzini & Contaldi 2019a,b). Similar to
LIGO/Virgo, several astrophysical or cosmological GW
signals could produce an anisotropic GW background in
the LISA band (Giampieri & Polnarev 1997; Adams &
Cornish 2014; Cornish 2001; Ungarelli & Vecchio 2001;
Kudoh & Taruya 2005; Taruya & Kudoh 2005; Romano
& Cornish 2017), including the Galactic DWD popula-
tion (Seto & Cooray 2004; Conneely et al. 2019).
We use the populations discussed in Section 3 and
their PSDs to compute the angular power spectrum for
each model. Each DWD’s PSD is captured in a pixel
of a HEALPix sky map (we use NSIDE = 128, corre-
sponding to 196, 609 pixels) for a given GW frequency.
The total power on the sky is normalized to 4pi, and is
decomposed as
P (Ωˆ) =
∑
`,m
p`mY`m , (7)
where Ωˆ is the direction of GW propagation, and Y`m are
the spherical harmonics. Note that we use p`m instead
of the standard c`m to be consistent with the notation in
Taruya & Kudoh (2005), hereafter TK05. We describe
the anisotropy of the foreground in terms of the angular
power spectrum
C` =
+∑`
m=−`
|p`m|2
2`+ 1
, (8)
and normalize to the isotropic component, C0, as in Tay-
lor et al. (2015); Mingarelli et al. (2017).
We show the anisotropic components of the angular
power spectrum from a WD foreground frequency slice
centered at fGW = 3 mHz with a 1 mHz width created
from our two models which span the possible values of
vertical disk scale heights in Figure 3. We choose this
frequency because it falls near LISA’s minimum detector
noise, but note that this method applies generally to any
frequency in LISA’s sensitivity band.
The level of anisotropy scales directly with the scale
height of the DWD population: models with smaller ver-
tical disk scale heights distribute WDs more anisotrop-
ically and thus produce more anisotropic GW fore-
grounds than models with lower disk scale heights. In-
deed, Z300 which distributes the DWDs more closely
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Figure 3. The angular power spectrum, C`, at fGW =
3 mHz for Z300 (blue) and Z900 (orange). Each slice has a
width of 1 mHz and is binned such that the fGW = 3 mHz
slice encompasses frequencies from 2.5 mHz to 3.5 mHz. The
largest differences in the power spectra occur the two models
occur at multipoles ` ≥ 8, however LISA’s angular resolution
is limited to ` ∼ 4 thus motivating the need to consider the
multipole coefficients separately (see Section 5 and Section 6
for more details).
to the plane of the Galaxy, results in a more anisotropic
GW foreground with more power at higher multipoles
relative to Z900. The difference between the two power
spectra illustrate the potential to distinguish whether
the Galactic WD population is distributed similarly to
observed bright stars (i.e. Z300) or is vertically heated
(i.e. Z900). However, the strongest differences between
the angular power spectra of the two models occur at
mulitpole moments ` ≥ 8, which is above LISA’s angular
resolution limit. Thus, LISA in unable to distinguish be-
tween Z300 and Z900 with it’s current sensitivity from
the angular power spectrum alone. We now consider
LISA’s ability to distinguish between these two mod-
els by reconstructing the multipole coefficients of each
multipole moment.
5. LISA’S RESPONSE TO THE WD FOREGROUND
We closely follow the methods described in TK05,
which are similar to those in Seto & Cooray (2004), to
determine LISA’s ability to observe the anisotropic WD
foreground. We update LISA’s noise specifications to be
consistent with the current mission design (Robson et al.
2019). We use the three optimal time delay interferom-
etry (TDI) channels: A, E, T (Prince et al. 2002; Nayak
et al. 2003) and consider auto- and cross-correlations
for each channel. The current LISA mission design is an
equilateral triangle interferometer with an arm length
of Larm = 2.5 × 106 km, which corresponds to a char-
acteristic frequency f? = c/(2piLarm) ' 19mHz. This
characteristic frequency defines the low frequency limit
(fGW/f? < 1) where the formalism of TK05 is valid.
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Note that, our frequency slice at 3 mHz is well within
the low frequency limit.
The correlated data streams from two channels, I and
J, are given as
C˜IJ(t, f) =
∫
dΩ
4pi
Sh(|f |,Ω)FIJ(f,Ω; t), (9)
where Sh(|f |,Ω) is the luminosity distribution of the
WD foreground
Sh(|f |,Ω) = H(f)P (Ω) = H(f)
∑
`,m
p∗`mY
∗
`m , (10)
and FIJ(f,Ω; t) is LISA’s time-dependent antenna pat-
tern
FIJ(f,Ω; t) =
∑
`,m
a`m,IJY`m . (11)
In Equation 10, H(f) is the amplitude of the foreground,
and is separable from the spherical harmonic decom-
position if we consider a narrow range of frequency,
in this case, a 1 mHz slice centered on fGW = 3 mHz.
The properties of spherical harmonics imply that p∗`m =
(−1)mc`,−m and a∗`m = (−1)`−ma`,−m.
The Fourier signal of the correlated data stream is
then described in terms of the spherical harmonic de-
composition of the WD foreground and antenna pattern
as
C˜IJ(t, f) = H(f)
1
4pi
∑
`,m
p∗`ma`m;IJ. (12)
Note that this expression excludes terms for the detector
noise. In the frequency range we consider, the WD fore-
ground signal is at least two orders of magnitude larger
than the detector noise which justifies this approxima-
tion.
The multipole coefficients a`m;IJ from Equation 12 are
defined in the rest frame of the sky, thus the multipole
coefficients in the rest frame of the LISA detector must
be transformed using the rotation matrix (Allen & Ot-
tewill 1997; Cornish 2001; Mingarelli et al. 2013)
a`m;IJ(f, t) =
∑`
n=−`
e−inαd`nm(β)e
−imγadet`n;IJ(f), (13)
where d`nm(β) are the Wigner small d-matrices. Fol-
lowing TK05, for LISA’s orbit we assume α = −ωt,
β = −pi/3, γ = ωt, where ω = 2pi/T0 is LISA’s orbital
frequency where T0 = 1 yr. We also adopt the multipole
coefficients of LISA’s antenna pattern in the detector
rest frame, adet`n,IJ(f), given in Appendix A of TK05.
Since LISA’s motion is periodic, we can analyze the
Fourier component of the correlated Fourier signals,
C˜IJ(t, f) as
C˜k(f) =
1
T0
∫ T0
0
dte−ikωtC˜IJ(t, f)
=
1
4pi
∞∑
`=0
`−k∑
m=−`
p∗`md
`
(m+k),ma`,(m+k);IJ(f).
(14)
The signal-to-noise-ratio (SNR) for each Fourier compo-
nent, C˜k, is then expressed as
SNRk =
√
(2∆fT )
|C˜k|
Nk
, (15)
where ∆f is the frequency bandwidth, T is the observa-
tion time, and Nk is the noise contribution. We assume
∆f = 1 mHz, T = 4 yr, and the noise contribution is
defined as
Nk =
√
(2∆fT )SIJn , (16)
for the k = 0 component of the self correlated signals
and as
Nk =
√
max(C˜II,0C˜JJ,0, C˜II,0SJJn , C˜JJ,0S
II
n ,S
II
n S
JJ
n ) (17)
for the k 6= 0 components of the self-correlated signals
and all cross-correlated signals. The SIJn values we adopt
are given in Kudoh & Taruya (2005) with updated opti-
mal metrology noise and acceleration noise values con-
sistent with the current mission design (Robson et al.
2019).
We show SNRk as a function of k at fGW = 3 mHz for
Z300 and Z900 in Figure 4. Both models have very sim-
ilar SNRk because the amplitude of the WD foreground
at 3 mHz is nearly the same for each model (Figure 2).
At low frequencies covered by the WD foreground, the
sensitivity of the T channel to GWs is negligible com-
pared to the other two channels, so we only consider
correlations between A and E. Based on Figure 4 we con-
sider the AA, EE, and AE correlated data streams for
|k| ≤ 4 for the remainder of our analysis.
6. RECONSTRUCTING THE WD FOREGROUND
As noted in Cornish (2001); Ungarelli & Vecchio
(2001); Seto & Cooray (2004), it is not possible to fully
reconstruct a map of the WD foreground for all multi-
pole moments using only the self-correlated AA and EE
data streams because many of the observed Fourier com-
ponents, C˜k(f) are functions of multiple mulitpole coef-
ficients leading to an under-determined set of equations.
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Figure 4. SNRk for k components between -8 and 8 for each set of self and cross correlated signals for the three optimal TDI
channels: A, E, and T. The colored points show SNRk at fGW = 1 mHz for Z300 (blue) and Z900 (orange). The dashed black
lines show where SNRk = 7, which serves as a qualitative detectability criteria. Correlations AA, EE, and AE have observable
signals with |k| ≤ 4. All correlations which use the T channel have a severely reduced SNRk. This is because the T channel is
a ‘null’ channel which is effectively insensitive to GWs.
In order to reconstruct a map of the WD foreground,
we employ the perturbative method of TK05 valid in
the low frequency approximation (fGW)/f? < 1. This
method expands each of the self- and cross-correlated
data streams defined by Eq. 14 in orders of frequency
so that the set of C˜k(f) equations for each channel and
order in frequency can defined in matrix form as
c(i)(f) = A(i)(f)p(i)(f), (18)
where i is the frequency order.
In this formalism, the multipole coefficients can be ap-
proximately solved for using the singular value decom-
position method for matrix A detailed in TK05:
p(i)approx(f) = [A
(i)(f)]+ c(i)(f). (19)
We estimate the statstical error on the reconstructed
p`m’s, following the method outlined in Appendix E
TK05, as
|∆p(i)approx(f)|2j = [A(i)(f)]+j,k[A(i)(f)]+∗j,k 〈|S(i)n,k|2〉, (20)
where 〈|S(i)n,k|2〉 is taken to be
〈|S(i)n,k|2〉 =
(
α
c
(i)
k
SNRk
)
. (21)
Here, α is designed to mimic the decrease in sensitivity
from considering a higher order frequency term than the
dominant c(2) signal of the AE correlation. As in TK05,
we set α = 1 in all cases except for the third order
contributions, c(3), from the AE correlated data streams
where we set α = fˆ−1 ' 6.
LISA’s antenna pattern is insensitive to many of the
multipole coefficients for each data stream. The self-
correlated data streams are insensitive to all odd `
modes and only sensitive to even modes up to ` = 4
for O(fˆ2) contributions and ` = 6 for O(fˆ4) contribu-
tions. The cross-correlated AE data stream is sensitive
to odd ` modes up to ` = 5 starting at O(fˆ3) and even `
modes up to ` = 4 starting at O(fˆ2). This poor angular
sensitivity leads to a sparse [A(i)(f)]+ matrix and only
allows for p`m’s to be solved for directly for ` = 3 and
` = 4 when considering C˜k(f) values from |k| ≤ 4 based
on the SNRk’s of our models (Figure 4). TK05 show
how all ` modes up to ` = 5 can be reconstructed using
a least squares approximation. However, since the an-
gular power spectra of Z300 and Z900 show the largest
differences at ` ≥ 4 (Figure 3), and the full reconstruc-
tion of the ` = 5 mode requires a strong signal from the
AT/ET correlated data, we focus on the hexadecapole
moment where ` = 4.
We plot the true and reconstructed hexadecapole mo-
ment coefficients, |p4,m|, for Z300 (blue) and Z900 (or-
ange) respectively in Figure 5. This choice is motivated
because the scale heights for Z300 are observed from
the bright stellar population so each multipole moment
can be reconstructed based on the observed height of
the WD foreground, H(f), and scale heights of the thin
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Figure 5. Reconstructed |p4m| values from the AA, EE,
and AE correlations for Z900 (orange) compared to the |p4m|
values for Z300 (blue). Z900 is distinguishable from Z300
for |m| = 3, 4, thus allowing an inference of the vertical scale
height zh.
disk, thick disk and bulge. The large statistical error of
reconstructed |p4,m|’s relative to the difference between
the two models suggests that each multipole coefficient
should be considered separately instead of considering
the power spectrum, C`. Indeed, for the ` = 4 mode,
the reconstructed angular power spectrum for Z900 is
not well constrained (C4 = 0.015 ± 0.03). Importantly,
two models are distinguishable for |m| = 3, 4 coefficients,
thus allowing LISA to discriminate between Z300 and
Z900. Thus, LISA will be able to determine whether
WD population traces the observed spatial distribution
of the bright Galactic stellar population (Z300), or if the
WDs in the Galactic disk are vertically heated (Z900).
7. LISA’S DISCRIMINATING POWER
We now consider the limiting scale height at which
a vertically heated disk WD population can be dis-
tingished from the spatial distribution of Z300 by LISA.
We use the difference between the reconstructed hexade-
capole moment coefficients, |p4m|, from different scale
height models compared to hexadecapole moments re-
sulting from the spatial distribution of Z300 to probe
LISA’s discriminating power. In particular, we consider
vertical disk scale heights which fill in the intermedi-
ate values which span the scaleheight choices in Z300
and Z900 with zh = 350 − 900 pc at 50 pc intervals.
This selection directly probes LISA’s ability to distin-
guish whether the Galactic DWD population traces the
spatial distribution of bright stars (e.g. Z300) or if the
DWD disk population is consistent with a larger vertical
scale height typical of old stellar populations. We ap-
ply the method described above to reconstruct hexade-
capole moments of the WD foreground at fGW = 3 mHz
for each scale height.
Figure 6 shows the reconstructed hexadecapole mo-
ment coefficients with |m| = 3, 4 for each scale height.
The multipole coefficients for Z300 with zh = 300 pc are
shown for comparison in each panel as gray crosses. As
the scale height increases, the GW power is smeared
out over larger angular sizes on the sky which de-
creases the amplitude of the multipole coefficient. The
|m| = 3, 4 coefficients are distinguishable from Z300 for
zh ≥ 550 − 650 pc (indicated by the green shading). It
is unsurprising that the |m| = 3, 4 coefficients are con-
strained while the others are not are distinguished be-
cause they decompose the sky into the smallest sets of
angular patches. All other hexadecapole moment co-
efficients are indistinguishable from Z300 regardless of
vertical scale height, and are thus not shown.
We repeat the process described above to create 1, 000
population realizations for each scale height to explore
the variance in LISA’s ability to distinguish between
models that arises from randomly assigning the posi-
tions of the DWDs. For each realization, we deem a
model distinguishable if there is at least one multipole
coefficient that can be measured to be different than
the multipole coefficient of Z300. We plot the number
of the realizations where at least one multipole coeffi-
cient is distinguishable at a 1σ confidence as a function
of increasing vertical scale height in Figure 7.
The number of distinguishable realizations increases
monotonically with increasing scale height. The trends
of the multipole coefficients for each population realiza-
tion are similar to those shown in Figure 6. We find
that LISA will be able to distinguish whether the DWD
population is distributed as Z300 or with scale heights
zh ≥ 600 pc for 58% of our realizations and with scale
heights zh ≥ 750 pc for 98%. This corresponds to a ver-
tical scale height measurement resolution of 300 pc and
450 pc respectively.
In comparison to our resolution of ∼ 300 pc, Korol
et al. (2019) find that LISA can measure the scale height
of the disk to an accuracy of 80 pc using observations of
resolved DWDs. Both techniques provide lower reso-
lution to electromagnetic measurements which measure
the thin and thick disk scale heights to a precision of
10 pc − 50 pc (e.g. Robin et al. 2003; McMillan 2011;
Gao et al. 2013; Pieres et al. 2019). However, due to the
inherently dim nature of WDs, electromagnetic surveys
are unable to measure the WD population’s structure
across the Galaxy.
The combined GW techniques, using both resolved
DWDs and the WD foreground, provides a powerful
probe of the spatial distribution of the WD population
that is inaccessible for electromagnetic surveys. Since
the two techniques are independent measures of the
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Figure 6. The reconstructed |p4m| coefficients and 1σ statistical errors that are distinguishable from Z300 by LISA for disk
vertical scale heights ranging from zh = 350 − 900 pc in 50 pc intervals (blue points). The multipole coefficients for Z300 with
zh = 300 pc (gray crosses) are shown for comparison. The |m| = 3, 4 coefficients decrease with increasing scale height, becoming
distinguishable from Z300 for models with zh = 600− 650 pc as shown in the green shaded region. All other m coefficients are
indistinguishable from Z300.
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Figure 7. The number of population realizations (out of
1, 000) which have at least one multipole coefficient that is
distinguishable from Z300 with 1σ uncertainty as a function
of vertical scale height, zh. The fraction of distinguishable
population realizations increases from > 58% for zh ≥ 600 pc
to > 98% for zh ≥ 750 pc.
spatial distribution of the Galactic WD population, a
consistent measurement between the two suggests that
the resolved DWDs are a representative sample of the
Galactic population. However, in the case where the two
techniques disagree, the converse applies. In either case,
constraints can be placed on spatial distribution of the
Galactic population of DWDs.
8. DISCUSSION
The WD foreground is a rich astrophysical GW source
in the mHz frequency regime. Here, we have shown that
analyzing the spherical harmonic decomposition of the
WD foreground can be used to infer the vertical scale
height of the Galactic DWD population. Measuring the
spatial distribution of the DWD population separately
from the birght stellar population provides insights into
the stellar evolutionary history of the Galaxy. Since
WDs are dim, a scale height measurement of the WD
population is difficult to make with electrogmagnetic
surveys; by contrast the DWD population observable by
LISA is detectable over the entire volume of the Milky
Way. By considering the angular power spectrum and
hexadecapole moment of the WD foreground, this tech-
nique avoids both obscuration by dust, gas, and other
stars as well as observational biases toward short period,
high mass, and/or nearby resolved DWDs.
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We used two models to illustrate the how the angu-
lar power spectrum can be used to measure the verti-
cal disk scale height of the Galactic DWD population.
Z300 is taken directly from the DWD population of B19
which assumes a thin disk, thick disk, and bulge pop-
ulation that are distributed with the same structure as
the bright stellar population. Z900 assumes the same
star formation history, binary evolution models, and
spatial distributions for the bulge as Z300, but verti-
cally distributes all disk DWDs according to the spa-
tial distribution of Z300’s thick disk. We showed that
the 1-D PSD of these two populations is nearly identi-
cal, but that the 2-D distribution of the PSD is highly
anisotropic, and significantly different between the mod-
els (Figure 2). We then decomposed the GW foreground
of each model on a basis of spherical harmonics to cre-
ate their angular power spectra and multipole moment
coefficients. We find that the angular power spectral
shape is directly correlated with the disk’s vertical scale
height (Figure 3). This correlation is maintained in the
reconstructed hexadecapole moment observed from the
AA, EE, and AE correlated data streams (Figure 5). We
show that the difference between the hexadecapole mo-
ments for Z300 and those reconstructed from different
vertical scale height models can be used to infer how
much scale height of the Galactic WD population de-
viates from the scale height of the bright stellar pop-
ulation (Figure 6). This presents a complementary ap-
proach to scale height measurements made through elec-
tromagnetic observations, the 1-D GW PSD, or DWDs
resolved by LISA.
We applied this technique to 1000 population realiza-
tions for a set of models with scale heights varying from
zh = 350 pc to zh = 900 pc to determine LISA’s ability
to resolve the vertical disk scale height of the population
of Galactic DWDs (Figure 7). We find that LISA, at its
current resolution limits, is capable of resolving between
DWD scale height models to an accuracy of ∼ 300 pc for
> 50% of our simulated population realizations, which is
comparable to the resolution of the other measurement
techniques within a factor of 6−30. Vertical scale height
measurements with greater accuracy will require angu-
lar resolutions of ` ≥ 8, thus motivating the demand for
higher angular resolution which can be achieved through
two simultaneously operating space-based GW observa-
tories. The most straightforward way to achieve this
resolution is through two space-based GW observato-
ries operating simultaneously (e.g. Baker et al. 2019b).
The potential for simultaneous operation of LISA and
TianQin provides a distinct opportunity to gain angular
resolution of the WD foreground as well as the resolved
DWD population (Huang et al. 2020).
Any scale height measurements of the DWD popula-
tion, which traces some of the oldest stellar populations
in the Galaxy, are only possible through GW observa-
tions. The Galactic WDs are either too dim for electro-
magnetic surveys or obscured by gas and dust. While
GW observations of resolved DWDs can measure the
vertical scale height of the WD population to an accu-
racy of 80 pc, these resolved sources could be biased to-
wards high frequency, more massive, or nearby systems.
The hexadecapole moment of the WD foreground offers
a new, complementary, way to the structurre Galactic
DWD population.
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